In this theoretical study, we report an investigation on the behavior of two neutron separation energy, differential variation of the separation energy and the abnormality in nuclear charge radius along the isotopic and isotonic chains of transition nuclei. We have used relativistic mean field formalism with NL3 and NL3 * forces for this present analysis. The study refers to even-even nuclei such as Zr, Mo, Ru and Pd with N = 40− 86, where a rich collective phenomena such as proton radioactivity, cluster or nucleus radioactivity, exotic shapes, Island of Inversion and etc. are observed. These non-monotonic aspects over the isotopic chain are mainly correlated with the structural properties like shell/sub-shell closures, shape transition, clustering and magicity etc. In addition to these, we have shown the internal configuration of these nuclei to get a further insight into the reason for these discrepancies.
I. INTRODUCTION
Nowadays, one of the most sensitive and crucial region in the nuclear chart for investigation is laying in between Z= 35−64 and A= 82−132. This region reveals a large number of interesting discoveries of new phenomena, such as proton radioactivity [1] [2] [3] , cluster or nucleus radioactivity [4] [5] [6] , exotic shapes [7, 8] , Island of inversion [9, 10] , abnormal variation of major shell closures (i.e. extra stability near dripline) [11] [12] [13] and giant halo near neutron drip-line region [14] etc. These crucial features may be due to the rapid growing possibility of neutron-proton ratio (N/Z) in a nucleus. From last few decades, it is possible to study these exotic nuclei by using the radioactive isotope beams (RIB) facilities. This reveals the new concept entitled as aforementioned magic number. In other word, the confirmation of magic number near β−stability line are not mandatorily universal [15] [16] [17] . Further, the structural properties of nuclei far away from the β−stability line are also an active areas of research in both theories and experiments [13, 14, 18] . In particular, the neutron-rich Zr−, Mo−, Ru− and Pd− with mass numbers A =100−130 are of special interest for various reasons. For example, they lie far away from β−stable region of Nuclear Landscape, result in a well established deformation, but close enough in magnitude of microscopic excitations to compete with collectivity of double shell closure nuclei [14, 19, 20] . Moreover, these nuclei are also holding an active participation in the nucleosynthesis of heavy nuclei in astrophysical r−process. The mass and decay properties are quite essential ingredient to build up the path, the isotopic abundances and the time period of these process [21] .
In addition to that the nuclear structure of these nuclei are characterized by a strong competition between various shapes, which gives rise to the shape instabilities that lead to coexistence nuclear shape transitions in the isotopic chains [22] . This could be understood from the the potential energy surface at different deformations. Elaborately, the occurrence of * Email: bunuphy@itp.ac.cn two (or more) nearly equally deep minima in the potential energy surface at different deformations shows the signature for nuclear shape coexistence. Hence, one can say the nuclear shape are not only vary with the nucleon number but also with the excitation energy and spin. It is well known that the binding energy of a nucleus is one of the most precise measured observable from the experiments [23, 24] . Several nuclear observables which are highly relevant for understanding various features of nuclear structure can be computed from its mass such as the average nuclear field, nucleon-nucleon (NN) potential, single particle energy etc. The correlations among these fundamental quantities are emended to explain the deformed ground states, low lying isomeric states and few derived quantities like moments of inertia and vibrational excitation energy etc [25] [26] [27] [28] . It is acclaimed that the energy involved in removal of fermions from a strongly correlated system of identical fermions must be a good indicator for the stability of the system. This magnitude of this energy have much higher values for systems with even number of particles than odd one, if the pairing is a dominant component in the binary fermion−fermion interaction.
In this present work, the quantities of interest are the nuclear potential energy surface, nuclear shape, nuclear binding energy, two neutron separation energies (S 2n ), the differential variation of neutron separation energy ∆S 2n and the rootmean-square charge distribution r ch for the even-even mass transition nuclei. Base on these decisive observables, we have focused on the evolution on the structural properties of transition nuclei. The paper is organized as follows: Section II gives a brief description of the relativistic mean field formalism. The results of our calculation along with discussions are presented in Section III. Section IV includes a short summary along with few concluding remarks.
II. THE RELATIVISTIC MEAN-FIELD (RMF) METHOD
The microscopic self consistent mean-field calculations are the standard tool for the investigation of nuclear structure phenomena. The relativistic mean field (RMF) theory is one of the most popular and widely used formalism among them.
It starts with the basic Lagrangian that describes nucleons as Dirac spinors interacting through different meson fields. The original Lagrangian of Walecka has taken several modifications to take care of various limitations and the successful relativistic Lagrangian density for a nucleon-meson many body system [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] is expressed as:
From the above Lagrangian we obtain the field equations for the nucleons and mesons. These equations are solved by expanding the upper and lower components of the Dirac spinors and the boson fields in an axially deformed harmonic oscillator basis, with an initial deformation β 0 . The set of coupled equations are solved numerically by a self-consistent iteration method [40] [41] [42] [43] . The centre-of-mass motion energy correction is estimated by the usual harmonic oscillator formula E c.m = 3 4 (41A −1/3 ). The total quadrupole deformation parameter β 2 is evaluated from the resulting proton and neutron quadrupole moments, as
The root mean square (rms) matter radius is defined as
where A is the mass number, and ρ(r ⊥ , z) is the axially deformed density. The total binding energy and other observables are also obtained by using the standard relations, given in [29] . In order to take care of the pairing effects in the present study, we have used the constant gap for proton and neutron, as given in [44, 45] , which are valid for nuclei both on or away from the stability line (more details in Ref. [32] ).
III. DETAILS OF CALCULATION AND RESULTS DISCUSSION
The mean-field equations are solved self-consistently by taking different inputs of the initial deformation called β 0 [29, 32, [46] [47] [48] . For a normal ground state solution of the considered mass region, the desire number of major shells for fermions and bosons are N F = N B = 12. To verify the convergence of the solutions, few calculations are done with N F = N B = 12-16. The variation of these solutions are ≤ 0.002% on binding energy and 0.001% on nuclear radii over the range of major shell. This implies that the used model space is good enough for the considered mass regions. However, the number of mesh points for Gauss-Hermite and Gauss-Lagurre integration are 20 and 24, respectively. Here, we have used the well known NL3 [46] and recent developed NL3
* [47] force parameters, which are able to reproduces the properties of the stable nuclei as well as the nuclei away from the β-stability line. We obtain the calculation for different potentials, nuclear densities (for protons and neutrons), single-particle energy for nucleons, nuclear radii, deformation parameter and binding energies etc. For a given nucleus, there are more than one solutions. In this case, the solution corresponding to maximum binding energy is treated as ground state for a given nucleus and other solutions are the intrinsic excited states (see FIG. 1 ).
A. Potential energy surface
Conventionally, in case of a quantum mechanical system, the path followed by the different solutions at various deformation defines a potential barrier or potential energy surface, which can be used for the determination of the ground state of a nucleus. More elaborately, from the potential energy surface (PES) obtained from a self-consistent relativistic mean field theory, one can regulate the reasonable results for the ground state similar to the non-relativistic calculations [49] . Since quadrupole deformation plays the most important and dominant part, we have neglected the other deformation coordinates in the present study for simplicity and low computation time cost. Here, the potential energy curve is calculated microscopically by the constrained RMF theory [ certain deformation is given as,
where λ is the constraint multiplier and H 0 is the Dirac mean field Hamiltonian. The convergence of the numerical solutions on the binding energy and the deformation are not very much sensitive to the deformation parameter β 0 of the harmonic oscillator basis for the considered range due to the large basis. Thus the deformation parameter β 0 of the harmonic oscillator basis is chosen near the expected deformation to obtain high accuracy and less computation time period. The potential energy surface as a function of deformation parameter β 2 , for the proton rich nucleus 82 Zr, the double magic nucleus 90 Zr and the neutron rich nucleus 110,120 Zr are shown in Fig. 1 , as a representative case. All other M o−, Ru− and P d− isotopes are also showing the similar behaviors, which are not given here. The energy (E b = E g.s − E e.s on the Y −axis is the difference between the ground state energy to other constraint energy solutions. The solid and dotted line in the figure are for N L3 and N L3 * force, respectively. The calculated P ES for both the cases are shown for a wide range from oblate to prolate deformations. We notice from the figure that there are more than one minima appear at different β 2 . The magnitude of binding energy for the corresponding minima shows that the ground state solution appear at a cer- Zr are ∼ -0.2, 0.0, 0.4 and 0.0, respectively. One can find similar nature for both the force parameter, hence one can conclude that the ground state properties of these nuclei are quite independent of the force parameters used.
B. Nuclear Binding energy and quadrupole deformation
The calculations mainly explain the nuclear structure as well as the sub-structure properties, based on the basic ingredients such as binding energy (E B ), quadrupole moment Q 20 , nucleonic density distribution ρ(r ⊥ , z) = ρ p (r ⊥ , z) + ρ n (r ⊥ , z), and rms nuclear radii etc. Nevertheless, the present study demonstrates the applicability of RMF on the nuclear structure study for transition nuclei near neutron drip-line. The obtained results for binding energy BE, quadrupole deformation parameter β 2 and the charge radius r ch for NL3 and NL3* force parameter for the isotopic chain of Zr, M o, Ru and P d are listed in Table- I along with the experimental data [54] . We notice on the binding energy and the rms r ch for all nuclei over the isotopic chain from RMF agree well with the experimental values. Quantitatively, the mean deviation of BE and r ch between the calculated result and the available experimental data over the isotopic chain are ∼ 0.01 and 0.004, respectively. Further, the quadrupole deformation parameter β 2 , for both ground (g.s.) and selective excited states (e.s.) are also given in Table I . In some of the earlier RMF and Skyrme Hartree-Fock (SHF) calculations, it was shown that the quadrupole moment obtained from these theories reproduce the experimental data pretty well [30, 32, 33, 46, 48, [55] [56] [57] . From the table, one can find that the shape of few nuclei are not consistent with the experimental observed shape. In this context, we have also estimated the first excited state solution for these nuclei correspond to the experimental deformations (see Table-I) . A careful inspection to these solutions shows that the small difference in the binding energy is an indication of shape coexistence. In other words, the two solutions in these nuclei are almost degenerate and might have large shape fluctuations. For example, in 82 Zr the two solutions for β 2 = -0.197 and β 2 = 0.25 are completely degenerate with binding energies of 691.3 and 691.0 MeV, respectively. Hence, the ground state can be changed to the excited state and vice verse by a small change in the input, like the pairing strength, etc., in the calculations. Similar behavior are also observed for few other nucleus are listed in Table-I . Such phenomenon is known to exist in many other regions [58, 59] of the nuclear chart.
C. Two neutron separation energy S2n (Z,N)
Two neutron separation energy S 2n (Z, N), can be estimated from the ground state nuclear binding energies of BE(Z, N ), BE(Z, N − 2) and the neutron mass m n with the relation:
The BE of the A X Z and A−2 X Z are calculated from RMF for NL3 and NL3* force parameters. It is essential to have very precise mass measurements to predict the correct estimation of the nucleon separation energy S 2n . The calculated S 2n energy from RMF as a function of neutron number for Zr, M o, Ru and P d isotopes are compared with latest experimental data [54] , shown in the Fig. 2 . From the figure it is clear that in an isotopic chain, the S 2n energy shows the well-known regularities for a given atomic number i.e. the S 2n decreases smoothly as the number of neutron increases in an isotopic chain. A sharp discontinuities (in other word kinks) appears at neutron magic numbers at N = 50 and 82. In energy terminology, one can write, the energy necessary to remove two neutrons from a nucleus (Z, N magic +2) is much smaller than that to remove two neutrons from the nucleus (Z, N magic ), which breaks the regular trend.
D. Differential variation of two neutron separation energy
The differential variation of the two neutron separation energy (S 2n ) with respect to neutron number (N ) i.e. dS 2n (N, Z) is defined as
The dS 2n (N, Z) is one of the key quantity to explore the rate of change of separation energy with respect to the neutron number in an isotopic chain. Here, we are calculated the dS 2n (N, Z) for NL3 & NL3 * force parameter. Further, we have also estimated the dS 2n (N,Z) energy from the experimental S 2n energy. In Fig. 3 , we are compared the experimental values with our calculation for Zr, M o, Ru and P d isotopes. In general, the large sharp deep fall in the dS 2n over an isotopic chain shows the signature of neutron shell closure. In other word, this deviation in the general trend may disclose some additional nuclear structure features. From the figure, we observed the same characteristics for all Z=38-46. * force parameter are compared with the experimental data [61] .
E. The root-mean-square charge distributions
The root mean square (rms) matter radius from relativistic mean field theory can be expressed as:
where A is the mass number and ρ(r ⊥ , z) is the axially deformed density. The rms charge radius can be calculated from the rms proton radius r 
From the theoretical point of view, the macroscopicmicroscopic models [60] and microscopic mean-field formulations using effective interactions are most sophisticated approaches to determine the rms charge radius in comparison with experimental data [61] . In this present work, we have shown the variations or fluctuations of the charge radii on the top of a fairly smooth average behavior in an isotopic chain. The results from RMF approaches for N L3 and N L3 * parameters along with the available experimental datas are shown in Fig. 4 . From the figure it is clear that the obtained radii from RMF for 82−126 Zr, 84−128 M o, 86−130 Ru and 88−132 P d follows closely the experimental data [61] . For most of the nuclei, the experimental values are unavailable, the RMF prediction are made for the charge radius of such a nucleus that awaits experimental confirmation. The circle, square and triangle symbols indicate the ground state states data for NL3, NL3* and experiment. Further, the solid circle and solid square symbols indicate the shapes corresponds to the first intrinsic excited states obtained from NL3 and NL3* force, respectively. From the figure, one can observe the smooth behavior for lighter isotopes, then there is a small fall in the charge radii for Zr, Mo, and Pd at about N =62, 64, 72 and 74. These fall corresponds to the transition from the prolate to the oblate and vice versa. But the magnitude for both the states are different, i.e., the oblate deformation is at β 2 ∼ − 0.2 while the prolate one appears with β 2 ∼ 0.4. In case of P b isotope, the change is the radii only at one place i.e. at N =74. Further, one can notice that the tiny change in the calculation can lead to the first intrinsic excited state as ground state (see Fig. 1 ). In other word, we can practically degenerate the ground state binding energy for the deformation corresponding to the first intrinsic excited state. Thus, the inconsistency in the r 2 c could be explain in terms of configuration mixing i.e the actual ground state is not only the spherical configuration but also from the neighbor deformed intrinsic excited states.
F. The contour plot of the axially deformed density distributions
In the above figures and tables, we have shown the results for few structural observables such as binding energy, quadrupole deformation, rms radius, separation energy and differential separation energy in comparison with the experimental data [54, 61] M o and Ru isotopes suggests a shape co-existence. A more careful inspection shows that the tendency of abnormality in the S 2n and dS 2n are decreased in the isotonic chain. In other word, we get a smoother behavior in neutron separation energy for P d nuclei in comparison to Zr isotopes. The divergence can be cut down by taking the dynamical correlations beyond mean field [62] [63] [64] .
To get a complete picture into the reason behind such discrepancy over the isotopic chain, we have shown the contour plot of axially deformed density of proton and neutron of these nuclei. In FIG. 4 , we have displayed the distribution of Zr isotopes for N =42, 50, 60 and 82 as representative cases. All the isotopes of M o, Ru and P d also showing similar behavior as Zr as shown in FIG. 4 . From the figure, one can clear identify the spherical, oblate, prolate shapes corresponding to their β 2 values as the local minima in the PECs. Similar calculations can also be found in Ref. [65, 66] . In these figures we can see that the transition from oblate to prolate at N =42, then change to the spherical structure at N = 50 and further changing the deformations to prolate one. Even the proton number is fixed in the isotopic chain, still we found a little change in the density distribution due to the the influence of excess neutron number. Following the color code, the red and light grey color corresponding to the high density (∼ 0.09 fm −3 ) and low density (∼ 0.001fm −3 ), respectively. More inspection on the figures shows that the central density of the proton increases as compared to the neutron with respect to the neutron number. In this region, few isotopes of Mo (for 116−118 Mo) are triaxial shape in their ground state, which is very close to the axial solutions [66] . In other word, the location of minima for triaxial solution for these isotopes of Mo are almost same as the minima appear for axial prolate axial solution. Hence, we have used the simple axial deformed calculation, which is good enough for the a qualitative descriptions of structural observables in this mass region.
IV. SUMMARY AND CONCLUSIONS
We have used self-consistent relativistic mean field theory with most popular N L3 and recent N L3
* force parameters to study the structural evolution in transition nuclei. The conjecture has been made from the neutron separation energies, differential variation of separation energy and the root-meansquare charge radii of these nuclei. In this present calculations we have shown that Zr, M o and Sr isotopes undergo a transition from oblate to prolate shapes at N ∼ 64 and 74. But, in case of P d follows a smooth pattern through out the isotopic chain. We have also shown the dependence of nuclear charge radii on deformation also play an crucial role on their structural transition. Further, we have also observed a large shell gap at N = 82, almost same in magnitude at N = 50 for these considered nuclei, which is a well-known feature for meanfield calculation. We have also demonstrated the efficiency of RMF theory calculations to reproduce those features and therefore to make predictions in unexplored regions.
